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Looking at the finite simple groups one realizes that most maximal 2-locals have a
very restricted structure. Let G be a finite simple group of characteristic 2-type. Let S be
a Sylow 2-subgroup and M be a maximal 2-local containing S such that Ω1(Z(S)) is not
normal in M , then usually Ω1(Z(O2(M))) is a small module for M/CM(Ω1(Z(O2(M)))).
Further M/CM(Ω1(Z(O2(M)))) has not many components. In the quasithin group paper
[AS] M. Aschbacher and S. Smith proved the following theorem.
Theorem 1. Let G be a quasithin K-group of even type, T be a Sylow 2-subgroup of G,
T M0 M , M a maximal 2-local of G, and H a subgroup of G minimal subject to
T H M and O2(H) = 1. Assume that V is a normal elementary abelian 2-subgroup
of M0 which satisfies O2(M0/CM0(V )) = 1, O2(M0) = CT (V ), and H ∩ M normalizes
V or O2(M0). Then either O2(〈M0,H 〉) = 1 or V is a 2F -module for M0/CM0(V ) with
cubic offender A.
Here a 2F -module V with cubic offender A = 1 means CA(V ) = 1, |V : CV (A)| 
|A|2 and [V,A,A,A] = 1. Recall that by Thompson replacement F -modules are also 2F -
modules with cubic offenders. M. Aschbacher and S. Smith claimed that this theorem
should also hold without the assumption that G is quasithin. The purpose of this paper is
to give a related version without assuming that G is quasithin.
For this we first need a few definitions. Let p be some prime:
• We call a group H of characteristic p if CH(Op(H))Op(H).
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• Let H be of characteristic p, then let YH be the maximal normal elementary abelian
subgroup of H with Op(H/CH (YH )) = 1. We will see in 1.1 that such a group YH
exists.
• Let V be some GF(p)-module for the group G. We call V p-reduced if Op(G/
CG(V )) = 1.
• Let V be a faithful GF(p)-module for G. If V is an F -module, or 2F -module
and A = 1 is an elementary abelian p-subgroup of G with |V : CV (A)|  |A|,
|V : CV (A)| |A|2, respectively, we call A an offender.
• A group G is called a Kp-group if all simple composition factors of all nontrivial
p-locals of G are cyclic, alternating, groups of Lie type or one of the 26 sporadics.
Now we can state our theorem.
Theorem 2. Let G be a Kp-group of local characteristic p with Op(G) = 1. Let S be a
Sylow p-subgroup of G. Either there is exactly one maximal p-local containing S or there
is some maximal p-local H with S  H and YH is a 2F -module for H/CH(YH ) with
cubic offender A, or the dual of YH is an F -modules for H/CH(YH ). In the last case any
nontrivial chieffactor W of YH for F ∗(H/CH (YM)) is an F -module for NH(W)/CH (W).
In fact we cannot say much more in the last case. A dual F -module has not to be an F -
module as well. Let V be the nonsplit extension of the natural module by a trivial module
for L2(4). Then V is a dual F -module but not an F -module. In fact in general one could
prove in that case that YH is a 2F -module with quadratic offender, but we will not do so.
We just prove that for irreducible modules dual F -modules and F -modules are the same.
Lemma 1.1. Let M be of characteristic p and S be a Sylow p-subgroup of M .
(a) There exists a unique maximal p-reduced normal subgroup YM of M , i.e., Op(M/
CM(YM)) = 1.
(b) Let M be as in (a) and S  LM , X a p-reduced normal subgroup of L, then 〈XM 〉
is a p-reduced normal subgroup of M .
(c) Let M,L be of characteristic p, S  LM , then YL  YM .
(d) Let M be as in (a) and Set CM = CM(YM) and M0 = NM(S ∩ CM). Then S ∩ CM =
Op(M0) and YM = Ω1(Z(S ∩CM)).
(e) Let M0 be as in (d). Then M = M0CM and YM = YM0 .
Proof. (a) Let YM be the subgroup generated by all p-reduced normal subgroups. If
Op(M/CM(YM)) is nontrivial, this also holds for some generator of YM , a contradiction.
(b) Let Y = 〈XM 〉 and D = CM(Y ). Set N/D = Op(M/D). Then N = (N ∩ S)D =
(N ∩ L)D. As X is p-reduced for L, we have [X,N ∩ L] = 1. Further [D,X] = 1, so
[N,X] = 1. As N is normal in M , we have [N,Y ] = 1, hence Y is p-reduced.
(c) follows from (b) with X = YL.
(d) As Op(M/CM) = 1, we have Op(M0) CM . So we get Op(M0) CM ∩ S and so
Op(M0) = CM ∩ S. Set X = Ω1(Z(S ∩CM)). Then YM X. Set Y = 〈XM〉 = 〈XCM 〉 as
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D = CM(Y ) and N/D = Op(M/D). Since YM X  Y and YM is p-reduced for M , we
get N  CM . As Y is p-reduced for CM , we get [N,Y ] = 1. Hence Y is p-reduced for M
and so Y  YM X. This shows X = YM , the assertion.
(e) The first assertion is just the Frattini argument. Hence now YM  YM0 . By (c) we
have YM0  YM . 
For the proof of Theorem 2 the notion of an amalgam is very important. We are going
to recall the necessary properties.
Definition 1.2. Let G be a group and A,B be subgroups of G. We call (A,B) an amalgam
if there is no nontrivial subgroup K in A∩B such that K is normal in 〈A,B〉.
If (A,B) is an amalgam, we can attach a graph Γ = Γ (A,B) to this amalgam, whose
vertices are the right cosets of A or B in H = 〈A,B〉 and edges are the right cosets
of A ∩ B . The incidence relation is by inclusion. Obviously H acts on Γ by right mul-
tiplication. Hence we see that the stabilizer Hx of a vertex x ∈ Γ in H is a conjugate of A
or B . Further Γ is connected.
Definition 1.3. Let (A,B) be an amalgam, H = 〈A,B〉 and assume further that both A and
B are of characteristic p. For x ∈ Γ define bx as the shortest distance of some y ∈ Γ such
that YHx Hy but there is some neighbor z of y such that YHx Hz. Further define b = bΓ
as the minimum over all bx with x ∈ Γ . A critical pair (x, y), where x, y are vertices of Γ ,
is a pair of distance bΓ such that there is some neighbor z of y with YHx Hz.
For what follows the following lemma plays an important role.
Lemma 1.4. Let (A,B) be an amalgam, H = 〈A,B〉 and A and B both of characteristic p.
Let (x, y) be a critical pair. If [YHx ,YHy ] = 1, then one of both is an F -module for the
corresponding stabilizer.
Proof. By Definition 1.3 we have that [YHx ,YHy ] YHx ∩ YHy . So by symmetry we may
assume that |YHx : CYHx (YHy )|  |YHy : CYHy (YHx )|. Then YHx is an F -module with of-
fender YHyCHx (YHx )/CHx (YHx ). 
Lemma 1.5 (Thompson replacement). Let V be a faithful F -module for G over GF(p) and
1 = AG be an elementary abelian subgroup such that |V : CV (A)| |A|. Then there is
a subgroup 1 = A∗ A with [V,A∗,A∗] = 1 and |V : CV (A∗)| |A∗|.
Proof. [Asch, (6.2)]. 
We now give a proof of the so-called qrc-lemma in the version of [Ste, (3.4)]. In [Ste]
and also in [AS] this lemma has just been proven for p = 2. We could take that parts
out Stellmacher’s proof which have been done for arbitrary p, but this would complicate
reading a lot. So for convenience of the reader we rewrite the proof for arbitrary p without
any real changes, but with having it in one place.
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imum of m(V/CV (A))
m(A)
(with m(X) we denote the rank of the elementary abelian group X)
where A runs over all elementary abelian p-subgroups of G with [V,A,A] = 1.
Lemma 1.7. Let P be of characteristic p, and S be a Sylow p-subgroup of P . Assume
that S is contained in a unique maximal subgroup N . Let further J be the largest normal
subgroup of P contained in N . Then
(1) Op(P ) is a Sylow p-subgroup of J .
(2) Let W be some GF(p)-module for P . If CP (W)  N , then CP (W)  J and so
COp(P )(W) is a Sylow p-subgroup of CP (W). If further Op(P ) CP (W)N , then
Op(P/CP (W)) = 1, i.e., W is p-reduced.
Proof. Let T = J ∩ S. Then T is S-invariant. If T > Op(P ), we get that NP (T ) < P .
Hence NP (T )  N . By Frattini we get P = JNP (T )  N , a contradiction. Hence T =
Op(P ). This proves (1).
Let now W be a GF(p)-module for P . Then we just have proved the first assertion
of (2). So assume that Op(P )  CP (W)  N . Let I be the preimage of Op(P/CP (W))
and T = S ∩ I . Then T is a Sylow p-subgroup of I with I = CP (W)T . The Frattini
argument shows P = CP (W)NP (T ). As CP (W)  N < P , we get that NP (T )  N .
But as S  NP (T ) this gives NP (T ) = P . So T  Op(P )  CP (W). This shows
Op(P/CP (W)) = 1. This proves (2). 
Lemma 1.8. Let H be a K-group with F ∗(H) be quasisimple and V be an irreducible
F ∗(H)-module over GF(p) which is an F -module. Then F ∗(H) is classical, G2(q), An,
or 3A6 and one of the following holds:
(1) F ∗(H) is classical or An and V is the natural module (in case of An we have p = 2).
(2) F ∗(H) ∼= SLn(q) and V is the exterior square of the natural module or its dual.
(3) F ∗(H) ∼= Sp(6, q), q even, Ω(7, q) or Ω+(10, q) and V is the spin module or half
spin module, respectively.
(4) F ∗(H) ∼= G2(q) or 3A6, p = 2, and V is the 6-dimensional module.
(5) H ∼= A7 and V is the 4-dimensional module over GF(2).
Proof. [GuMa]. 
Lemma 1.9. Let V be a faithful GF(p)-module for G and A be an elementary abelian
subgroup of G with [V,A,A] = 1. Then also [V ∗,A,A] = 1, where V ∗ is the dual module.
Further if |[V,A]| |A|, then also |V ∗ : CV ∗(A)| |A|.
Proof. For U a subspace of V denote by α(U) the annihilator of U in V ∗. Then by linear
algebra we get
∣∣α(U)
∣∣ = |V/U |.
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we see
[
V ∗,A
] = α(U) α([V,A]) = CV ∗(A),
hence A acts quadratically on V ∗.
As |[V,A]| |A|, we have that |α([V,A])| = |V |/|[V,A]| |V |/|A|. As α([V,A]) =
CV ∗(A), we have |V ∗ : CV ∗(A)| |A|. 
Lemma 1.10. Let G be a K-group and V be a faithful irreducible F -module over GF(p)
for G with quadratic offender A. Suppose G = 〈AG〉 = E(G)A. Then V is irreducible
for E(G).
Proof. We assume that V is not irreducible for E(G). By Clifford V is a direct sum of
irreducible modules Vi for E(G) on which A acts. In particular V = [V,E(G)]. If A ∩
E(G) = 1, [A ∩E(G),V1] V1 and so by quadratic action [V1,A] V1. Hence V = V1,
the assertion. So we may assume A∩E(G) = 1. By [Cher] we have that A normalizes any
component of G. Let L be a component, then as A normalizes L, we get that V = [V,L]
and CV (L) = 1 as well. Let x ∈ CA(L), then we have that L acts on [V,x]. As G = 〈AG〉,
we have that A acts nontrivially on L and so by quadratic action we have that [[V,x],L] =
1, which gives that [V,L] = 1 by irreducibility, a contradiction. So we have that A acts
faithfully on each component L.
Let V1 be some irreducible L-submodule, W1 = 〈V LA1 〉 and W  V be an irreducible
E(G)-module with V1 W . Suppose W1 = V1. Then we have that V1 W ∩Wa for any
a ∈ A. But W ∩ Wa is an E(G)-module, so we have that W = WA and then W = V is
irreducible for E(G). Hence we have that W1 = V1 for any choice of V1.
Suppose some a ∈ A induces an inner autormorphism on L. Then we have a = tu,
with t ∈ L and u ∈ CE(G)A(L). Now u is a p-element and so CV (u) = 1. As [t,A]  L,
we see that [u,A] = 1. Hence LA acts on CV (u). Now choose an irreducible L-submodule
V1 in CV (u). Then [V1, a] = [V1, t]  V1. By quadratic action, we now get [V1,A]  V1
and so for that module, we would get V1 = W1, a contradiction.
So we have that A induces a group of outer automorphisms on L and then with [Stei,
Theorem 30] for groups of Lie type [Su, pp. 299–301], for the alternating groups and
[CCNPW] for the sporadic groups we see that |A| p2. Let W1 be as above. Then W1 is a
direct sum of irreducible L-modules which are permuted by A. We have W1 = V1 ⊕ V2 ⊕
· · · ⊕ Vn, n > 1. Then by quadratic action we have that W1 = V1 ⊕ [W1,A] as a vector
space. Hence, as W1 is an F -module with offender A, we have that |V1| |A|. This now
shows |V1| p2 and so L ∼= SL2(p). But this group does not have outer automorphisms of
order p. 
Lemma 1.11. Let G be a K-group and V be a faithful GF(p)-module for G, which is
irreducible for F ∗(G) such that V ∗ is an F -module for G, then also V is an F -module
for G.
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Such an offender exists by 1.5. Set W = V ∗. So all we have to prove is that W ∗ is an
F -module too. Let x ∈ GL(W) such that x induces a transvection on W , then x also induces
a transvection on W ∗. Hence we may assume that A does not contain transvections.
We have that A acts faithfully on F ∗(G). Set F1 = [F ∗(G),A] = [F(G),A]L1 · · ·Lr ,
where L1, . . . ,Lr are components. By [Cher] A normalizes any Li . Now assume that
F = L0L1 · · ·Ln  F1 is minimal with respect to L0  [F(G),A] and L1, . . . ,Ln are
components of F1, [F,A] = F and A acts faithfully on F . As W is an irreducible module
for F ∗(G), we have W = [W,Li] and CW(Li) = 1 for all i and so A has to act faithfully
on Li . Otherwise let x ∈ CA(Li), then LiA acts on [W,x]. As A acts quadratically, we get
[W,x,Li] = 1, a contradiction. Let first L0 = 1, then by [Cher2], we get p = 2 or 3 and
some transvection is induced, a contradiction. Hence we may assume F  E(G) and so
we have some component L on which A acts faithfully. As W is irreducible for F ∗(G), we
get that W = [W,L] is a direct sum of isomorphic irreducible modules for L. Let W1 such
a submodule and set W2 = 〈WLA1 〉. Then W2 is an F -module with offender A. By 1.10 W2
is irreducible for L. Hence A normalizes W1, and so W1 is an F -module for LA.
Now the classification of F -modules 1.8 shows that either L is a group of Lie type in
characteristic p or L/Z(L) is alternating. If L/Z(L) is alternating, as we may assume that
W1 is not self dual, we get L ∼= A7 and W1 is the four-dimensional module or L ∼= 3A6 and
W1 is six-dimensional. In both cases also the dual module is an F -module. So we are left
with L being of Lie type. Let L be G2(q), then again the dual of W1 is an F -module. So
we have that L is classical. As the natural modules either admit transvection or are selfdual
we see that W1 is not the natural module. But now the remaining list of modules in 1.8 is
closed under duality and so we are done.
This first shows that the dual of W1 is an F -module too, but it also shows that the dual
of W1 admits the same type of offender, i.e., for any offender X on W1 there is some of-
fender Y on W ∗1 such that |W1 : CW1(X)| = |W ∗1 : CW ∗1 (Y )|. This means that if a direct sum
W of copies of W1 is an F -module the same applies for W ∗. This proves the lemma. 
Lemma 1.12. Let W be some GF(p)-module for G, G a K-group, whose dual is an
F -module with quadratic offender A. Assume that A is a minimal offender. Assume further
that F ∗(G)A acts irreducibly on W , then W is an irreducible module for F ∗(G), which is
an F -module.
Proof. We may assume that F ∗(G)A acts faithfully on V = W ∗. We first show that F ∗(G)
acts irreducibly on V . Suppose first that [F(G),A] = 1. Then V = [V, [F(G),A]] and by
[Cher2] there are elements in A, which induce transvections on V . Hence by minimality
|A| = p, and so V is an irreducible F(G)-module and then also F ∗(G)-module. So we
may assume that [A,F(G)] = 1. By [Cher] A normalizes any component of E(G). We
have that F ∗(G) = CF ∗(G)(A)[F ∗(G),A]. Let U = [F ∗(G),A]A = [E(G),A]A. Then
we have that V is a direct sum of isomorphic irreducible U -modules Vi , which are per-
muted by CF ∗(G)(A). As each of the Vi is an F -module with offender A, we get with 1.10
that all Vi are irreducible [F ∗(G),A]-modules. Hence V is an irreducible F ∗(G)-module.
Now application of 1.11 proves the lemma. 
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form in [Cher3]. As to my knowledge this paper is not published we give a proof of the
special part we will use in this paper.
Lemma 1.13. Let P be a K-group and S be a Sylow p-subgroup which is contained in
exactly one maximal subgroup N of P and S is not normal in P . Let W be some irreducible
faithful GF(p)-module for P . If q(P/CP (W),W) 1, then q(P/CP (W),W) = 1.
Proof. We first determine the structure of P . Let K be the intersection of all conjugates
of N . Then P = NP (S ∩ K)K . As the semidirect product of P with W satisfies 1.7, we
get that K is a p′-group by 1.7(1) and the irreducibility of W . Let M be any maximal
subgroup of P . If K M , then P = KM . Now Sg M for some g ∈ P and so M = Ng .
Hence we have that K = Φ(P ). In particular K is nilpotent. Let U  P , with K  U and
U/K a minimal normal subgroup of P/K . As U N , we have that P = US. In particular
U/K is not a p-group. Let U/K be some r-group, r = p. Then we may assume that S
normalizes a Sylow r-subgroup R of U . Hence RS = P . Let now P,W be a counterex-
ample, so q(P,W) < 1 and let A be a minimal offender with q(P,W) = q(A,W). Let B
be a hyperplane in A with Q = CU(B) CU(A). We have that |W : CW(B)| |B|. Now
CU(B) acts faithfully on CW(B) and so |CW(B) : CW(A)| p. Hence
∣∣W : CW(A)
∣∣
∣∣W : CW(B)
∣∣∣∣CW(B) : CW(A)
∣∣ |B|p = |A|,
so q(A,W) 1, a contradiction.
So we may assume that U/K is nonsolvable. Then S acts transitively on the components
of U/K . Let L be such a component. Suppose there are two maximal subgroups X1 and
X2 of LNS(L), containing NS(L). Set Yi = 〈XSi 〉, i = 1,2. Then the preimages of Y1
and Y2 both are in N , a contradiction. Hence NS(L) is contained in a unique maximal
subgroup of LNS(L). If U acts nontrivially on K , then S also acts nontrivially on K .
Hence we may argue as before. So we have that U = E(P ). Let now A be as before. By
[Cher] we have that A normalizes any component of P . Let L1 be some component with
[A,L1] = 1 and B = CA(L1). Then we have that |W : CW(B)|  |B|. Further L1(A/B)
acts faithfully on CW(B). So we have that |CW(B) : CW(A)| < |A/B|. Hence we may
assume that E(P ) = L is quasisimple. Now we may apply 1.8. We get that either L is a
rank 1 Lie group and W is the natural module, or L is a rank two Lie group and S induces
a diagram automorphism on L or L is alternating of degree 2n + 1.
If L is of rank 1, then W is the natural module and L ∼= SL2(pn). But then of course
|W : CW(A)| = |A|. If L is of rank two, then L ∼= SL3(2n) or Sp4(2n). In both cases W
contains the natural module and the dual one as well. But then it is easy to see that W
cannot be an F -module.
We are left with L ∼= A2n+1, n  3. Set m = 2n + 1. Now W is the irreducible part of
the permutation module. Let Ω = {1, . . . ,m}, on which LNS(L) acts in the natural action.
As A acts quadratically, all orbits of A on Ω are of length at most two. Let TA be the
transposition group in Σm, which has the same orbits on Ω as A. Then |TA| |A|. Further
CW(A) = CW(TA). As m is odd, we have that W is a submodule of the permutation module
and so |W : CW(TA)| = |TA|. Hence |W : CW(A)| |A|. 
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(1) We have two subgroups M and P of G which both are of characteristic p and have a
common Sylow p-subgroup S.
(2) S is contained in exactly one maximal subgroup of P and S is not normal in P .
(3) Op(M) = CS(YM).
(4) (M,P ) is an amalgam.
(5) Set V = 〈YPM 〉.
The next proposition is more or less [AS, D1.3].
Proposition 1.14. Let YM not be an F -module, YM Op(P ) and let P have c > 1 many
noncentral chieffactors in V , then YM is a 2F -module.
Proof. Let A be a maximal elementary abelian subgroup of Op(M). We first show that
we may choose A such that A acts nontrivially on V . As J (S)  Op(M), we have that
J (S)Op(P ). Hence there is some A with AOp(P ).
We have that Op(P )  CP (V ). As P is a minimal parabolic we see that CP (V ) is
contained in the unique maximal subgroup of P containing S. Further we see that CP (V ) is
p-closed by 1.7 and so COp(P )(V ) is a Sylow p-subgroup of CP (V ). This shows CA(V )
A ∩ Op(P ) < A. By 1.5 we see that if we choose A/CA(V ) minimal, we get that A acts
quadratically on V . Suppose A  Op(P ). Then as A is a maximal elementary abelian
subgroup of S, we get that AOp(Mg) for all g ∈ P . But then [A,YgM ] = 1 for all g ∈ P
and so [A,V ] = 1, a contradiction. Hence AOp(P ) and so we may assume that our A
acts quadratically, right from the beginning.
Now set B = A ∩ Op(P ). Then CA(V ) = CB(V ). Suppose first [B,V ] = 1. Let
V1, . . . , Vc be the nontrivial chieffactors in V . Then [Op(P ),Vi] = 1, i = 1, . . . , c. Fur-
ther [Op(P ),Vi] = 1 and so CP (Vi) is contained in the unique maximal subgroup of P
containing S and so again Op(P ) is a Sylow p-subgroup of CP (Vi). Hence CA(Vi) = B
and so A/B acts faithfully on Vi for all i = 1, . . . , c. By 1.13 we have that m(Vi/CVi (A))
m(A/B). As c  2, we even get m(V/CV (A)) 2m(A/B) > m(A/B). As A is maximal
elementary abelian and V is elementary abelian, we see that m(A/B)  m(V/CV (A)).
But this is a contradiction, so we get that [V,B] = 1.
Now set YPM = {U1, . . . ,Un} and Zi = U1 · · ·Ui , Bi = CB(Zi), i = 1, . . . , n. As Ui are
normal in Op(P ), we see that all Zi are invariant under B . As Zi = Zi−1Ui , we get
Bi = CBi−1(Zi) = CBi−1(Ui). (1)
Set q = q(M/CM(YM),YM). As A acts quadratically we get
m(Ui/CUi (Bi−1))
m(Bi−1/Bi)
 q, if Bi < Bi−1. (2)
If Bi = Bi−1 both ranks in (2) are equal. Hence in any case we have
m
(
Ui/CU (Bi−1)
)
m(Bi−1/Bi)q. (3)i
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Zj−1 CZj (B) and m
(
Zj/CZj (B)
) = m(Uj/CUj (B)
)
. (4)
We now show that
m
(
Zi/CZi (B)
)
/m(B/Bi) q for all i  j (5)
with equality just for
m(Uk/CUk (Bk−1))
m(Bk−1/CBk−1(Uk))
= q for all j  k  i. (6)
This we will prove by induction to i. Let first i = j . By the choice of j we have that
Bj < B = Bj−1. Hence (5) follows from (2) and (4). If (5) is an equality we have that (2)
is an equality. Now replace in (2) Bj by CBj−1(Uj ) and use (1), then we get (6).
Suppose now that we have proven (5) and (6) for k with j  k  i − 1. We have
m
(
Zi/CZi (B)
) = m(Zi/Zi−1CZi (B)
)+m(Zi−1CZi (B)/CZi (B)
)
. (7)
By (1) we have Zi = Zi−1Ui and so Zi−1CZi (B)  Zi−1CZi (Bi−1) = Zi−1CUi (Bi−1).
Now we get
m
(
Zi/Zi−1CZi (B)
)
m
(
Zi−1Ui/Zi−1CUi (Bi−1)
)
= m((Zi−1Ui/Zi−1)/
(
Zi−1CUi (Bi−1)/Zi−1
))
= m((Ui/Zi−1 ∩Ui)/
(
CUi (Bi−1)/
(
Zi−1 ∩CUi (Bi−1)
)))
= m(Ui/CUi (Bi−1)
)
.
The last equation comes from Zi−1 ∩Ui = Zi−1 ∩CUi (Bi−1). Further we get
m
(
Zi−1CZi (B)/CZi (B)
) = m(Zi−1/CZi (B)∩Zi−1
)
m
(
Zi−1/CZi−1(B)
)
.
Now with (3) and induction we get
m
(
Ui/CUi (Bi−1)
)
m(Bi−1/Bi)q and m
(
Zi−1/CZi−1(B)
)
m(B/Bi−1)q. (8)
Now we have with (7) m(Zi/CZi (B))  m(Bi−1/Bi)q + m(B/Bi−1)q = m(B/Bi)q ,
which is (5). If we have equality in (5), then we must have equality in (8). Then (6) holds
for k = i by (1). By induction furthermore all inequalities in (5) are equalities for all k
between j and i, hence (6) holds for all k.
As V = Zn and Bn = CB(Zn) = CB(V ), we get from (5) with i = n
m(V/CV (B))  q (9)
m(B/CB(V ))
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with [V h,B] = 1, as we may arrange the Ui such that V h = Vj and then we use (6) with
Bj−1 = B . Using (9) we get
m
(
A/CA(V )
)
m
(
V/CV (A)
)
m
(
V/CV (B)
)
m
(
B/CB(V )
)
q. (10)
As CA(V ) = CB(V ), we get
m
(
B/CB(V )
)
q = (m(A/B)+m(B/CB(V )
))
q −m(A/B)q
= m(A/CA(U)
)
q −m(A/B)q. (11)
With (10) and (11) we get now
m(A/B)q = m(A/CA(V )
)
q −m(B/CB(V )
)
q m
(
A/CA(V )
)
(q − 1)
m
(
V/CV (A)
)
(q − 1). (12)
Set qi = m(Vi/CVi (A))/m(A/B), i = 1, . . . , c. Then we get
m
(
V/CV (A)
)

c∑
i=1
m
(
Vi/CVi (A)
) = m(A/B)
c∑
i=1
qi. (13)
As qi  1 for all i, we get with (12) and (13)
c
c∑
i=1
qi 
m(V/CV (A))
m(A/B)
 q/(q − 1) = 1 + 1
q − 1 . (14)
By assumption we have c  2, so q  2 and then we have that YM is a 2F-module with
quadratic offender. 
The next proposition is basically [AS, D1.4].
Proposition 1.15. Let YM  Op(P ) and let P induce exactly one nontrivial chieffactor
in V . Then either Y ∗M is an F -module for M/CM(YM) or Op(M)∩Op(P ) is normal in P ,
V is elementary abelian and [V,Op(P )] Z(Op(P )). Further V ∩ Z(Op(P )) contains
some p-reduced module. In particular YP = Ω1(Z(S)).
Proof. Set I = [V,Op(P )], D = CYM (Op(P )) and I˜ = I/CI (Op(P )).
If X  I is a normal subgroup of P with I˜ = X˜, then I = XCI (Op(P )). Hence
I = [I,Op(P )] = [X,Op(P )]X (∗)
in particular I = X.
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p(P )
M 〉. And so V = [YM,Op(P )]YM =
IYM . By assumption P induces exactly one noncentral chieffactor in V , hence this is
irreducible and equal to I˜ . Further D is normal in Op(P )S = P .
Set Q = 〈(Op(M) ∩ Op(P ))P 〉. By assumption YM Op(P ) and so YM Op(M) ∩
Op(P ), hence V = 〈YPM 〉  Q  P . As [Op(M),YM ] = 1, we have that [Op(M) ∩
Op(P ),D] = 1. As D is normal in P we get [Q,D] = 1.
Next we show [YM,Q]  D. Otherwise I0 = [YM,Q,Op(P )] = 1. As P acts irre-
ducibly on I˜ , we have I˜  [˜V,Q] and so I  [V,Q] by (∗). Then V = IYM  [V,Q]YM ,
and so V/YM = [V/YM,Q]. Then YM = V is normal in P , as Q is a p-group. But then
YM is normal in 〈P,M〉, a contradiction. Hence we have [YM,Q]D.
Also D < YM , as otherwise D would be normal in 〈P,M〉. Now choose y ∈ YM \ D
with [y,S]D. We have [y,Q] [y,S]D  CYM (Op(P )Q). Hence S normalizes yD
and then also [yD,Q] = [y,Q]. This shows
[y,Q] P. (∗∗)
As y /∈ D, we have that [y˜,Op(P )] = 1. Hence I˜ = 〈y˜P 〉, as P acts irreducibly on I˜ .
By (∗) we now get I = 〈yP 〉. Hence V = IYM  〈yP 〉YM . As [Op(M),YM ] = 1,
we see [V,Op(P ) ∩ Op(M)] = [〈yP 〉,Op(M) ∩ Op(P )]. Hence [V,Q] = [〈yP 〉,Q] =
〈[y,Q]P 〉 = [y,Q], the last equation by (∗∗).
As [y,Q]D CYM (Q), we see that Q acts quadratically on V and then also on YM .
Hence φ(Q)CQ(YM). Then
m
([YM,Q]
)
m
([V,Q])m([y,Q])m(Q/CQ(YM)
)
.
If [Q,V ] = 1, then Q/CQ(YM) is a dual offender and so we have that Y ∗M is an F -module
by 1.9
Hence we may assume that [YM,Q] = 1. Then Q CS(YM) = Op(M) by the general
assumption. So
〈(
Op(M)∩Op(P )
)P 〉= QOp(M)∩Op(P ).
This shows that Op(M) ∩ Op(P ) = Q P . As [YM,Op(M)] = 1, we have YM  Z(Q)
and the V  Z(Q) and φ(V ) = 1.
Next we show that I  Z(Op(P )). We have that Op(P ) 〈Op(M)P 〉 and so
Op(P ) = [Op(P ),Op(M)
]
.
As [Op(M),Op(P )]Q and V  Z(Op(P )), we get
[
Op(P ),O
p(P )
]
QCOp(P )(V )COp(P )(I ).
Set P ∗ = P/CP (I). Then [Op(P ∗),Op(P ∗)] = 1. By the A × B-lemma we get hat
CI (Op(P )) CI (Op(P )). As P acts irreducibly on I˜ , we get that ˜CI (Op(P )) = I˜ . Then
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tained in the unique maximal subgroup of P containing S. So I is p-reduced by 1.7. 
Theorem 3. [Ste, (3.4)] One of the following holds:
(1) YM Op(P ).
(2) YM is an F -module for M/CM(YM).
(3) The dual module of YM is an F -module for M/CM(YM).
(4) YM is a 2F -module with quadratic offender and P induces more than one nontrivial
chieffactor in V .
(5) P has exactly one nontrivial chieffactor in V , Op(M) ∩ Op(P ) P , [V,Op(P )]
Z(Op(P )) and contains some nontrivial p-reduced module.
Proof. We may assume that YM  Op(P ) and further YM is not an F -module. Let c be
the number of noncentral chieffactors of P in V . If c > 1, then (4) follows with 1.14. If
c = 1 then (3) or (5) follow with 1.15. 
Lemma 1.16. Let p > 2, |A| = p, A  G acting quadratically on some GF(p)G-
vectorspace V . Let X = 〈A,Ag〉 for some g ∈ G be not a p-group. Then X/Op(X) ∼=
SL(2,pn) or p = 3 and X/O3(X) ∼= SL(2,5). In all cases there is some g with
X/Op(X) ∼= SL(2,p).
Proof. [Cher1]. 
Lemma 1.17. Let G be a K-group with F ∗(G) being quasisimple, AG, A an elementary
abelian p-group, |A| p2, p odd, G = 〈AG〉, where A acts quadratically on some faithful
GF(p)G vectorspace V . Then F ∗(G) is a group of Lie type in characteristic p.
Proof. [Cher1]. 
Lemma 1.18. Let G be a K-group with F ∗(G) = Op(G) = 1 and AG be elementary
abelian with A  S for some Sylow p-subgroup S of G but AOp(G). Then one of the
following holds:
(i) Then there is some g ∈ G such that for X = 〈A,Ag〉 the following hold
(1) X/Op(X) ∼= SL2(pf ), or p = 2 and X/O2(X) ∼= Sz(pf ) or X/O2(X) is a dihe-
dral group of order 2u, u odd.
(2) There is T  S ∩X, with A∩Op(X) T and T normal in X.
(3) Y = (A∩Op(X))(Ag ∩Op(X))X.
(4) Y = A∩Op(X).
(ii) There is some g ∈ G such that B = Ag  S, [B,A] = 1 and |A : CA(B)| =
|B : CB(A)|.
Proof. We start the proof with some general remarks if we are in (i). Let X = 〈A,Ag〉 such
that X is not a p-group and (2) is true. Then obviously (3) is true. If (4) would be false, then
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and so [Op(G),X,A] = 1 and then [Op(G),X,X] = 1, which contradicts CG(Op(G))
Op(G), as X is not a p-group. Hence also (4) holds. So we see that when we prove (1) we
just have to prove (2) which will be clear by the specific construction.
Set G¯ = G/Op(G). Let r be some odd prime with [Or(G¯), A¯] = 1. As A¯ is ele-
mentary abelian, we get some hyperplane B¯ of A¯ with COr(G¯)(A¯) = COr(G¯)(B¯) = 1.
Now choose g ∈ COr(G¯)(B¯), then |A¯ : A¯ ∩ Op(X)| = p, where X = 〈A,Ag〉. If there
is some component L with 1 = [L, A¯] and |A¯ : CA¯(L)| = p, then again we get X with|A¯ : A¯∩Op(X)| = p, where we now choose g ∈ L. Now we have (i)(1) with 1.16. In both
cases of course T = S ∩Op(X) is a Sylow p-subgroup of Op(X).
So we may assume that F ∗(G¯) = E(G¯). Let L be some component with |A¯ :
CA¯(L)| = p. Let T1 be the preimage of CA¯(L) and X be as in 1.16 with X/Op(X) ∼=
SL(2,p) and T = T1 ∩ X. Then we have (i)(1). Hence for any component L we may as-
sume that |A¯ : CA¯(L)|  p2. As [A,Op(G)]  A, we get that A acts quadratically on
Op(G). Let first [A¯,L]  L. Then application of [Cher] shows p = 2 and L ∼= L2(r),
r = 2t . Let L1 = N〈LA〉(S¯) then L1/O2(L1) ∼= Zr−1 ×Zr−1 and A¯ acts nontrivially on this
group and so we get X with X/O2(X) dihedral and T = S ∩ O2(X) a Sylow 2-subgroup
of O2(X). Hence we may assume that A¯ normalizes L.
Let B be the projection of A¯ onto AutG¯(L). Then |B| p2. Application of 1.17 shows
that L is of Lie type in characteristic p or p = 2.
Assume first that L is of Lie type in p′-characteristic, which is not also of Lie type in
characteristic p. Then p = 2 and by [MeiStr1] we have that L/Z(L) ∼= U4(3). As A S,
there is some 2-central involution s in B ∩ L. If B O2(CAut(L)(s)), then there is a con-
jugate Bg such that W = 〈B,Bg〉 ∼= D6 and S¯ ∩ W is a Sylow 2-subgroup of W . Hence
we may set X = 〈A,Ag〉. So we may assume that B  O2(CAut(L)(s)). The action of
CL(s) on O2(CL(s)) gives us some Bg  O2(CAut(L)(s)) with [B,Bg] = 1, and so we
have 1 = [A,Ag]A∩Ag , which is (ii).
Let next L ∼= G(r) be a group of Lie type in characteristic p, r = pf . Let R be a root
subgroup in Z(S¯ ∩L). Suppose B Op(NAut(L)(R)). Then we have induction and so the
lemma holds. So we may assume that B Op(NAut(L)(R)). If B  R, then B  L˜  L,
with L˜ ∼= SL2(r) or Sz(r) and S ∩ L˜ is a Sylow p-subgroup of L˜. So we have (i)(1) again.
We may assume that B R.
We have that B Op(NAut(L)(R)). Now as before we get (ii), or 〈BNL(R)〉 is abelian.
Hence we just have to handle L/Z(L) ∼= Ln(r), Sp(2n, r), F4(r), 2F4(r).
Assume first L/Z(L) ∼= Ln(r), n  3. Assume that B acts trivially on the Dynkin di-
agram. Let P1, Pn−1 be the two parabolics containing S ∩ L which involve SLn−1(r). If
B O2(Pi) for one i, then we have induction. So we have B Op(P1)∩Op(Pn−1) = R,
a contradiction. So let b ∈ B acting nontrivially on the Dynkin diagram, in particular p = 2.
Let first n = 3. Then we see that [b, S¯] is not elementary abelian, which contradicts
B  S¯. In any other case we get a parabolic P3, P3/O2(P3) ∼= L2(r) × L2(r) such that B
acts nontrivially on P3/O2(P3). If r > 2, we have induction. If r = 2 this is solvable and
we get a dihedral group X/O2(X).
Let next L/Z(L) ∼= Sp(2n, r), n 2. As 〈BNL(R)〉 is abelian, we have again p = 2. We
may assume that B  Z(O2(NAut(L)(R))). As this group is contained in some Sp(4, r) in-
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of L˜. So we may assume L ∼= Sp(4, r). Now we have two parabolics P1, P2, contain-
ing S ∩ L. By induction we may assume that B  O2(P1) ∩ O2(P2). We have that B is
not contained in a root subgroup. Suppose that 〈BPi 〉 = O2(Pi) for some i = 1,2. Then
L ∼= A6 and B  L. But then |B| = 2 and so we get a dihedral X/O2(X) again. So we
may assume that 〈BPi 〉 = O2(Pi) for both i = 1,2. Let Hi be the preimage of Pi , i.e.,
Hi/O2(G) = Pi . We may suppose that 〈AHi 〉 is abelian for both i. In particular for any
chieffactor V of L in O2(G) we get [V,B,O2(Pi)] = 1, i = 1,2. As B acts quadratically
on O2(G) there is a chief factor V in O2(G) which is the natural module [Str], or L ∼= 3A6
and some 6-dimensional module is involved. In the former we have |[V,B]| = r2, while
|CV (S ∩ L)| = r . As [V,B] is centralized by O2(Pi) for both i and so by S, we have
a contradiction. So we have the latter. But then by quadratic action B  L, a contradiction
as before.
Let next L ∼= F4(r). Again p = 2. By induction we may assume that B acts trivially
on the Dynkin diagram. We have two root groups R1 and R2 and we may assume that
B  Z(O2(NL(R1)))∩Z(O2(NL(R2))). But this group is contained in some Sp(4, r) and
we get the assertion by induction.
Let finally L ∼= 2F4(r). As B acts quadratically we get with [Str] as before that B R,
a contradiction.
Let now L/Z(L) ∼= An, n 5. So we may assume n = 7, or n 9. Further we have by
1.17 p = 2. If n is odd, there is some An−1 An which also contains S∩L. Hence we have
induction. So we have n 10, n even. Let m1, . . . ,mr be the dyadic decomposition of n.
Let L˜ be the subgroup of L with S ∩L L˜Σm1 × · · · ×Σmr . Further we may assume
that A acts nontrivially on all Σmi . As A8 ∼= L4(2), a case just handled, we have that all
mi  16. So we may assume L ∼= Am1 . Then there is a subgroup L˜  L with S ∩ L  L˜
with L˜/O2(L˜) ∼= Σm1
2
. As m1  16 we may apply induction.
Let finally L be sporadic. By 1.17 p = 2. By [MeiStr2] we get that L/Z(L) ∼= M12,
M22, M24, J2, Co1, Co2, or Suz. Now we choose s ∈ Z(S∩L)∩B . If B O2(CAut(L)(s)),
then by induction we get the assertion again. If there is some involution g in CL(s)
with [B,Bg] = 1, we have (ii). So we may assume that 〈BCL(s)〉 is abelian. This gives
L/Z(L) ∼= Mi . If L ∼= M24 there is a subgroup L˜  L with S ∩ L  L˜ and L˜ ∼= E16A8.
Now by induction we may assume B  O2(L˜). But there is no quadratic fours group in
O2(L˜) by [MeiStr2].
Let next L/Z(L) ∼= M22. Then by [MeiStr2] we may embed B into a subgroup L˜ with
L˜/Z(L˜) ∼= L3(4) and S ∩ L˜ is a Sylow 2-subgroup of L˜. Again we get the assertion by
induction.
So we are left with L ∼= M12. If B  L, then with [MeiStr2] we see that B is not
normal in S ∩ L, so we have B  L. Now in L there are two parabolics P1, P2 such
that Pi/O2(Pi) ∼= Σ3. So if B  O2(Pi) for some i we have induction again. Hence we
may assume that B is contained in O2(P1) ∩ O2(P2) and 〈BCL(s)〉 is elementary abelian
of order 8. Then 〈BCL(s)〉 contains some involution i which is fixed point freely on the
12 points moved by L. We have CL(i) ∼= Z2 × Σ5. Now 〈BCL(s)〉 is a Sylow 2-subgroup
of some X1, where X1 ∼= Z2 × L2(4) or Z2 × Z2 × Σ3. If B  O2(X1), we are done.
804 G. Stroth / Journal of Algebra 300 (2006) 790–805So assume |B| = 4 and B = O2(X1). Then i ∈ B and B  CL(i). So B  X2 where
X2 ∼= Z2 ×Σ3 and we are done again. 
Proof of Theorem 2. We assume that YR is not an F -module for any maximal p-local
R of G. We first choose some maximal p-local H containing S with YH  Z(S). Among
those we choose one with YH maximal. This is possible if there is more than one maximal
p-local containing S.
Suppose next that there is some p-local L of G such that S ∩L is a Sylow p-subgroup
of L and such that YH Op(L). Hence we may apply 1.18. If we have 1.18(ii), we have
that YH is an F -module, a contradiction. We choose LH = 〈YH ,Y gH 〉 minimal such that
Op(LH ) = 1 and YH  Op(LH ) according to 1.18(i). Recall that there is a subgroup T
of S which contains YH ∩Op(LH ) and YgH ∩Op(LH ) as well. Now if a ∈ YH \Op(LH )
and b ∈ (Y gH ∩ Op(LH )) \ YH , then [a, b] /∈ YH ∩ YgH . Hence |YHOp(LH )/Op(LH )| |[YH ,b](YH ∩ YgH )|  |YH ∩ Op(LH )/YH ∩ YgH | = |YgH ∩ Op(LH )/YH ∩ YgH |. We have
CYgH∩Op(LH )(YH ) = YH ∩ Y
g
H . So |YH : CYH (Y gH ∩ Op(LH ))| |YH : YH ∩ YgH | |YgH ∩
Op(LH ) : YH ∩ YgH |2. Hence YgH ∩Op(LH )/YH ∩ YgH is a 2F -offender on YH . As [YgH ∩
Op(L),YH ,Y
g
H ∩Op(LH )] YH ∩ YgH , it is a cubic offender, the assertion
So we may assume that there is no such L. Now choose P minimal with S  P ,
Op(P ) = 1 but P H . As in 1.1 set H0 = NH(CH (YH ) ∩ S). Let Op(〈H0,P 〉) = 1. Let
R be a maximal p-local containing 〈H0,P 〉. Then by 1.1 YH = YH0  YR . Hence the max-
imality of YH gives YH = YR and so YH is normal in 〈H,R〉. As H was a maximal p-local
subgroup this shows R = H and so P H , a contradiction. So we have Op(〈H0,P 〉) = 1
and that (H0,P ) is an amalgam.
Suppose YP  Z(S). Then there is some maximal p-local M such that P  M and
YM  Z(S). Now again (H0,M0) is an amalgam and so by 1.4 either YH or YM is an
F -module, a contradiction.
So we may assume that YP  Z(S). As YH Op(P ) we may apply Theorem 3. Hence
we may assume that we either are in case (3) or (5). Suppose we are in (3). Set U =
F ∗(H/CH (YH )) and let A be a quadratic offender on Y ∗H . Let W be a chieffactor for U .
Then we may embed W into a chieffactor W˜ for UA. In A we find a minimal offender Aˆ
on W˜ ∗. We may assume that W˜ is a chieffactor for UAˆ containing W . With 1.12, we get
that W = W˜ is a chieffactor for U and also an F -module. If we have (5), then we have that
YP is nontrivial, a contradiction.
To get more information, maybe also the information about M/CM(YM) one has to
implement more assumptions. This has been done by U. Meierfrankenfeld, B. Stellmacher
and G. Stroth [MSS] in the so-called structure theorem.
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